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Abstract 

Research has demonstrated that human judgment and decision making is sometimes enigmatic; 

that is, there are situations in which human decision making deviates from classical probability 

and utility models. Examples include: sunk cost fallacies, anchoring, availability heuristics, Halo 

effects, group think, bandwagon effects, etc. Not only do our own decisions suffer from this 

condition, but more importantly, the actions of other actors are often hard to predict or interpret.  

In an atmosphere of uncertainty and lack of consensus, decisions by the various actors in a 

situation may seem irrational and ambiguous. 

In recent years, the mathematics of quantum probability theory has proven well suited to 

effectively modeling some of the enigmatic human decision making behavior. Similar to its 

application in physics, quantum probability theory allows the analyst to model multidimensional 

features in the decision space.  Decisions-to-act are represented as wave functions over these 

features. Interference among these wave functions model observed enigmatic behaviors.  

We posit that an application of quantum probability theory to decision modeling and simulation 

will lead to clearer and more substantial understanding of the environment and better situation 

awareness. In this paper, we present an overview of practical methods and tools for applying the 

mathematics of quantum probability to understand, explain and predict human decision-making 

behavior. These methods and tools will be discussed in the context of several operational use 

cases including enemy course of action analysis. 

1.0 Introduction  
Classic models such as set-theoretic probability theory, rational utility theory and game theory 

are effective in accurately forecasting the decision-making tendencies of so-called Econs2, but 

these models often fail to accurately forecast or explain human decision-making tendencies when 

cognitive biases are present3. This is especially true when forecasting or influencing the behavior 

of others. A demonstrated effective approach for modeling human decision-making tendencies is 

to apply the mathematics of quantum probability to forecast decision making of situated human 

agents. We posit that an application of quantum probability theory to decision modeling and 

simulation will lead to clearer and more substantial understanding of the environment and better 

situation awareness. 

                                                 

1  Corresponding Author. Knowledge Based Systems Incorporated, Email: tdarr@kbsi.com 

2  An “Econ” or “homo economicus” is an efficient decision-making “calculator imagined in economic theory, able to weigh 

multiple options, forecast all the consequences of each, and choose rationally … Humans operate by rules of thumb that often 

lead them astray. They are too prone to generalize, biased in favor of the status quo, more concerned to avoid loss than make 

gains, among other shortcomings”, http://www.claremont.org/crb/article/econs-and-humans/.   

3  Anchoring, bandwagon effect, cognitive dissonance, Gambler’s fallacy, Halo effect, etc. For a classification of cognitive 

biases and definitions of over 200 biases, see https://betterhumans.coach.me/cognitive-bias-cheat-sheet-55a472476b18.  

http://www.claremont.org/crb/article/econs-and-humans/
https://betterhumans.coach.me/cognitive-bias-cheat-sheet-55a472476b18
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Figure 1 illustrates the motivation for this new modeling approach. Artificial intelligence (AI) is 

generally concerned with developing “intelligent” agents that can perform as well (or even 

outperform) human agents on decision-making tasks. To achieve this, researchers have employed 

well-studied “classical” methods for reasoning and decision making in order to forecast situation 

assessment and ultimate decision making. In some sense, these agents will make the rational or 

optimal choice in a given situation. This is shown at the top of the figure. 

 

Figure 1 – Motivation for New Modeling Approach 

In contrast, the approach presented in this paper is concerned with developing models to 

accurately forecast what decisions humans will actually make, with all the contextual biases of a 

particular situation. When doing the situation assessment, humans are influence by a variety of 

biases: pessimism, optimism, framing, group think, etc. This assessment then influences the 

decision of what act to take (if any at all).  This decision is influenced by a variety of biases 

including risk taking or risk aversion, confirmation biases, sunk cost fallacies, etc. This is 

illustrated at the bottom of the figure. 

 

Figure 2 – Practical Importance 

The practical importance of modeling human situation assessement and decision making as 

described in this paper, in the context of enemy course-of-action (ECOA) assessment is 
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illustrated in Figure 2. Typically, a planner hypothesizes the likelihoods or probabilities of three 

possible ECOAs: Best Case, Worst Case and Expected Case (from the perspective of the planner, 

not the enemy). Figure 2 shows the Best Case as light blue, the Worst Case as dark blue and the 

Expected Case as orange. The likelihood estimates are shown as percentages.  

Figure 2(a) shows the likelihood estimates made using “classic methods”, by which we mean 

estimates using SME expertise, or methods such as game theory, rational utility theory, classic 

probability theory, etc. This is the current best practice. Possible shortcomings of these methods 

include forecasts that may be inconsistent with realistic decision making tendencies, or that 

might result in situation understanding that is not prepared for the most likely outcomes. For 

example, there might be a particular bias exhibited by the enemy decision maker that increases 

the likelihood of the Worst Case. The planner needs to be aware of such a possibility. 

Figure 2(b) shows likelihood estimates using the methods described in this paper. These methods 

forecast human decision making that is more consistent with actual enemy decision making 

tendencies. These “biased” forecasts take into account why an enemy decision maker might 

select one COA over another. These models enable deeper “what if” analysis to explore the 

impacts of a variety of human decision making tendencies. For example, the enemy might pursue 

the Expected Case because they are contrarian; the enemy might pursue the Best Case because 

they are self-serving; and the enemy might pursue the Worst Case because they perceive that 

they have a lot of sunk costs in the current situation. Estimated likelihoods for these “what if” 

biases are shown in the figure. If these biases are plausible, then the Worst Case becomes much 

more likely. Advantages of this approach include forecasts that are consistent with realistic 

decision making tendencies, situation understanding that is more prepared for the most likely 

outcomes, and most importantly it provides a possible “why” behind the specific decisions. In 

our example, the Worst Case is predicted to be more likely if the enemy is operating under a 

sunk cost bias, then there are ways that that outcome can be mitigated; for example, by reducing 

the enemy assessment of sunk costs. 

In this paper, we present an overview of practical methods and tools for applying the 

mathematics of quantum probability to understand, explain and forecast human decision-making 

tendencies.  

2.0 Motivation for Improved Models of Human Decision Making 
Research has demonstrated that human judgment and decision making is sometimes enigmatic; 

that is, there are situations in which human decision making does not follow, or deviates from, 

classical probability and utility models. Examples include: sunk cost fallacies, anchoring, 

availability heuristics, Halo effects, group think, bandwagon effects, etc. Not only do our own 

decisions suffer from this condition, but more importantly, the actions of other actors are often 

hard to predict or interpret.  In an atmosphere of uncertainty and lack of consensus, decisions by 

the various actors in the situation may seem irrational when contrasted to predictions made with 

classical methods. 

In addition to biasing effects, there are significant effects of “order” in human decision making. 

Loosely defined, an order effect is a situation in which the order in which decisions are faced has 

a material effect on the decisions that are made. The state of the world at a given time depends 

upon the order in which events happen in the state. The effectiveness of a deterrent intervention 
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can depend on the order in which the elements, or actions, or interventions are applied [1] [2] [3] 

[4] [5].   

This section describes some well-known enigmatic decision making phenomena. 

Need for Accurate Models of Probability Judgment Behavior 

The conjunction fallacy is a well-known example of a probability judgment error by humans.  An 

informative treatment of this fallacy, based on the “Linda” problem was first introduced by 

Tversky and Kahneman [6]. Their scenario is typically given as follows: 

“Linda” is 31 years old, single, outspoken, and very bright.  She majored in  philosophy. 

As a student, she was deeply concerned with issues of discrimination and social justice, 

and also participated in anti-nuclear demonstrations.  An individual is asked to estimate 

which of the following was more likely: (i) “Linda” is a bank teller; (ii) “Linda” is a 

bank teller and is active in the feminist movement;  

In their study 80% of the participants chose answer #2.  The conjunction fallacy happens when a 

person judges the probability of two events to be more likely than one of the constituent events 

(i.e., the event “… is active in the feminist movement and a bank teller” is judged more likely 

than the event “… is a bank teller”). The conjunction fallacy for this example, and many others 

like it, happens quite often in practice and is a violation of classical probability axioms and laws. 

One explanation for this example put forward is that the fallacy occurs because people are more 

likely to accept “… is a bank teller” if they have first accepted “… is active in the feminist 

movement.”  Interestingly, if this is the case then the example also illustrates the importance of 

“order effects” in modeling human judgments. The example can also be used to illustrate a 

similar fallacy, the disjunction fallacy.  The disjunction fallacy occurs when a person judges the 

probability of the disjunction of two events to be less likely than one of the constituent events 

(i.e., the event “… active in the feminist movement or a bank teller” is less likely than the event 

“active in the feminist movement”). 

Need to Model Interference of Categorization on Decision Making 

This phenomena is suitable for testing for fallacies involving the law of total probability (𝑝(𝑋) =
∑ 𝑝(𝑋|𝑌𝑛)𝑝(𝑌𝑛)𝑛 ). In one realization of this phenomenon, participants are shown pictures of 

faces, varying along the dimensions indicative of “good guy” and “bad guy” characteristics. Two 

different sets of face images were used: a “good guy” set (on average); and a “bad guy” set (on 

average). The participants were asked to categorize the faces as belonging to a “good guy” or 

“bad guy” category and were asked whether to perform an “attack” or “withdraw” action. The 

test involved two conditions: Condition #1: Participants made a categorization of the face, 

followed by an “attack” or “withdraw” action decision; and Condition #2: Participants made an 

“attack” or “withdraw” action decision only. 

According to the law of total probability, the probability of attack (and withdraw) for Condition 

#2 should be a weighted average of each of the probabilities of attacking (or withdrawing) 

conditioned on the categorization of the face. Experimental results showed statistically 

significant violations of the law of total probability [7].  

The results are shown in 

the table on the left. The 

“Good” and “Bad” rows 

Table 1. The Categorization-Decision Task Results (N=195) 

 
p(G) p(A|G) p(B) p(A|B) pT(A) p(A) 
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represent faces sampled 

from a population 

associated with the good 

and bad guy category, 

respectively. 𝑝(𝐺) and 𝑝(𝐵) are the probability of categorizing the face as good or bad, 

respectively; 𝑝(𝐴|𝐺) and 𝑝(𝐴|𝐵) are the conditional probabilities of attach conditioned on 

categorized as good or bad. 𝑝𝑇(𝐴) is the total probability of an attack for the categorize-then-

decide (Condition #1). 𝑝(𝐴) is the probability of attack alone (Condition #2). Note that the 

probability of attack alone (𝑝(𝐴), Condition #2) is greater than the total probability (𝑝𝑇(𝐴)). 

This implies that there is a kind of interference between the classification and decision making 

cognitive processes in some decision situations that must account for the result 𝑝(𝐴) > 𝑝𝑇(𝐴).  

Need to Model Violation of the Sure Thing Principle 

At the foundation of classical utility theory is the “sure thing” principle.  This principle dictates 

that, if under some state of the world you prefer action A over action B, and if under a 

complementary state of the world you also prefer action A over action B, then you will prefer 

action A over action B if you do not know the state of the world. Tversky and Shafir [8] tested 

this principle and found that human subjects did not obey this principle. In their tests, they 

presented students with a two-stage gamble as follows: 

In the first stage, students were given the choice to play or not play a gamble. If they win, 

they get $200, if they lose they lose $100. The chance of winning and losing are equal. In 

the second stage, there were three conditions: Condition #1: The students were informed 

that they won the first gamble; Condition #2: The students were informed that they lost 

the first gamble; and Condition #3: The students did not know if they won or lost the first 

gamble. 

The results showed that when the student knew the outcome of the first gamble (whether they 

lost or won) they chose to play again (69% and 59% for lost and won, respectively).  But when 

the student did not know the outcome of the first gamble they chose to play again only 36% of 

the time. This behavior violates the sure thing principle and is difficult to model using classical 

methods. 

Sure Thing and Prisoner’s Dilemma 

A later study by Shafir and Tversky examined the disjunction effect in the Prisoner’s Dilemma 

game [9]. In a one-shot game, the strategy for each player is always to defect. Shafir and Tversky 

designed a game with 80 participants; each participant played six one-shot games. On some 

trials, the player was informed that the opponent defected; on some the player was informed that 

the opponent cooperated; and on some no information was given. Contrary to the sure-thing 

principle, players almost always defected when they knew the opponent strategy; but they 

frequently cooperated when the opponent’s strategy was unknown.  

Disjunction Fallacy and Prisoner’s Dilemma 

Another study by Croson examined disjunction effects in the Prisoner’s Dilemma game [10]. 

Eighty (80) participants played two one-shot games and half were asked to predict what the 

opponent would do and decide on an action, and the other half were asked to decide on an action. 

Again, the results showed some kind of interference between the probability of defecting 

Good  
.83 .34 .17 .51 .37 .40 

Bad 
.16 .43 .84 .62 .59 .64 
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(without predicting) and the total probability of defecting under the predict-then-defect 

condition.  

Shafir and Tversky intuitively explain these results by arguing that there are good reasons to 

defect if the opponent’s strategy is known. If the opponent’s strategy is unknown, there is not a 

good reason to defect or cooperate. In effect, the reasons cancel each other out, much like wave 

properties in physical systems. For these reasons, several quantum models have been developed 

to account for these results [11] [12] [13] [14] [15].  

Need to Model Type Indeterminacy 

Type indeterminacy modeling can be used to capture an agent’s indeterminate preference 

structure (non-commutativity of outcome) and relies upon order-effects modeling. The “type” 

here means the actions that an agent will take in a given situation, or the strategy that will be 

played in a game-theoretic scenario. In traditional Bayesian approaches, the uncertainty 

surrounding the type of a given agent is strictly due to the other agent’s knowledge—that is, 

neither player knows the other’s strategies. Type indeterminacy assumes that in addition to 

incomplete knowledge on the part of another agent, the agent’s knowledge of its own type is 

indeterminate until it acts. The implication is that agent preferences cannot be fully known with 

certainty (neither to the agent nor the analyst modeling the agent); instead all we know is the 

uncertain or ambiguous state of the agent and that this state can be used to predict the outcome in 

certain situations [16]. This result supports the observation that preferences are constructed and 

not simply revealed.  Agents react differently in situations that differ in seemingly irrelevant 

details because of their ambiguous mental state. 

Other Examples  

Additional cognitive phenomena that give rise to seemingly enigmatic outcomes in judgment can 

be explained using quantum probability. These phenomena include the following:  

 similarity judgment errors (the similarity of A to B need not always be the same as the 

similarity of B to A) [17],  

 failures of commutativity (there are different responses when asking the same two 

questions in different order) [1] [2] [3],  

 the inverse rate fallacy (the probability of A given B is the same as the probability of B 

given A is only true in certain circumstances) [4] [5], and  

 the base rate fallacy (the tendency to disregard prior probabilities of events while making 

condition probability judgments) [5]. 

3.0 Quantum Models for Decision Making Concepts 
Quantum modeling (or more specifically the application of quantum probability theory) is not 

new, having been originally applied in the first decades of the 20th century to formulate models 

of physics at the atomic level. In recent years, the mathematics of quantum probability theory has 

been applied to fields outside the boundary of quantum physics such as information processing 

and retrieval; semantic representation and processing; logic and epistemology; cognition and 

brain; decision theory; game theory; finance; economics and social structures; artificial 

intelligence and biological systems [18]. Specific to this paper, the mathematics of quantum 

probability theory has proven effective in addressing some of the enigmatic decision making 

described in the previous section [19]. This approach provides a common set of principles that 
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account for a variety of puzzling findings which have never been connected together before in a 

formal (mathematical) manner by a single coherent theory [19].  

3.1 State Representation 

Research has shown that the cognitive or decision-making system of a human is not fixed in 

time, but changes from moment to moment [20]. For example, in a courtroom setting, classical 

models for assessing the guilt or innocence of an individual represent the state of the juror as a 

token that moves between guilt and innocence in a state space as the juror weighs conflicting 

evidence (see Figure 3). In contrast, a quantum model of the juror represents the state of juror as 

being in an indefinite or superposition state in which the juror perceives the individual as both 

guilty and not guilty at any given time. At the time a decision is made, the likelihood of a guilty 

or not guilty judgment is determined by the superposition state at that time.   

 

Figure 3 – Decision Making Compared 

In classical probability theory, the sample space is a set Ω with cardinality 𝑁 for the finite case, 

that contains all the states of interest; a state 𝑋 is a subset of the sample space (𝑋 ⊆ Ω).  

In quantum probability theory, a vector space 𝑉 (technically a Hilbert space) with dimension 𝑁 

for the finite case, contains all the states of interest. A superposition state 𝑋 is a subset of the 

vector space (X⊆ 𝑉 and 𝑋 is a unit vector). In applying quantum probability models for decision 

making, states can represent actions, judgments, beliefs, etc. Figure 4(a) shows a simple 2-

dimensional example. In this example, the superposition state is a unit vector that is a 

superposition of two states 𝑋1 and 𝑋2. The axis defined by 𝑋1 and 𝑋2 is called a basis. 𝑋1 and 𝑋2 

are basis vectors. The basis vectors that form a basis are orthogonal, meaning that the states 

described by the basis vectors are mutually exclusive. Figure 4(b) shows a 4-dimensional 

example, in which the basis vectors 𝑌1 and 𝑌2 are added to the 2-dimensional example. The same 

superposition state can be a superposition over the 𝑋1/𝑋2 basis or the 𝑌1/𝑌2 basis. For each 

subspace 𝑋 there is a projector 𝑃𝑋 that collapses points in 𝑉 onto the subspace 𝑋. Figure 4(c) 

shows a projection operator for the basis vector 𝑋1. The probability of a state is computed by 

projecting the superposition state vector onto the subspace represented by the projector to obtain 

the amplitude of that subspace, and then squaring the amplitude4. Figure 4(d) shows order effects 

in which a superposition state vector is first projected onto one basis (the 𝑌1/𝑌2 basis) and then 

another basis (the 𝑋1/𝑋2 basis).  

                                                 

4  In the remainder of this paper when we use the term “amplitude” in the context of tendency prediction, the reader will need to 

recall that the likelihood or probability of a state event forecast is the square of the amplitude. 
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Figure 4 – Superposition State Representation 

3.2 Superposition 

The quantum superposition state is a representation of the cognitive state of the decision maker. 

Superposition represents uncertainty about decision outcomes or tendencies. Superposition is an 

intuitive way to characterize the conflict, ambiguity, ambivalence and order effects in everyday 

thought. The quantum model better captures this psychological phenomena. 

 

Figure 5 – Classic Representation of State (Uncertainty) 

When applying classic models to cognitive state representation; it is assumed that there is a 

single “true” cognitive state of the decision maker. The uncertainty is which cognitive state is the 

“true” cognitive state. If the cognitive system evolves over time, the probability of each cognitive 
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state is constant. This is typically represented as a joint probability table as shown in Figure 5 

where each possible state is assigned a probability. This representation assumes that it is possible 

to estimate the joint probabilities of all possible states. If each state is binary valued (true or 

false), this would require 2𝑛estimates. This is only reasonable for very small values of 𝑛. 

When applying quantum models to cognitive state representation, it is assumed that there is an 

undetermined superposition cognitive state. The uncertainty is the likelihood of each cognitive 

state at any given time. If the cognitive system evolves over time, the probability of each 

cognitive state evolves as well. The quantum notion of uncertainty can be used to characterize 

the conflict, ambiguity, ambivalence and order effects of the human decision making process.  

In the method described in this paper, the cognitive state elements are the beliefs, judgments and 

cognitive biases of the modeled actor. If the cognitive system evolves in time, so does the 

potential for each possibility.  

3.3 Compatibility 

Application of quantum probability theory to a decision making problem requires a 

determination of whether or not states are compatible or incompatible. If two states cannot be 

considered simultaneously or if the order in which the states are considered matters in the 

outcome of the consideration, the states are said to be incompatible. If states can be described 

within a single sample space (they share the same basis), they are said to be compatible.  

Answering the compatible-incompatible question depends on whether or not the decision maker 

has sufficient knowledge of and experience with the various states to form a compatible 

representation. If unusual combinations of states are involved, the person may need to rely on 

different bases for evaluating the states. If all bases are compatible, then classical methods apply; 

if bases are incompatible, then interference is in play and quantum methods apply. A compatible 

representation requires us to assume that it is meaningful to assign probabilities to conjunctions 

of states, and an incompatible representation assumes that this cannot be done, and instead we 

need to assign probabilities to ordered sequences of states. 

 

Figure 6 – Order Effects 
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3.4 Order Effects 

Figure 6 illustrates order effects in quantum probability modeling. Suppose we want to compute 

the probability of the conjunction 𝑋1 ∩ 𝑌1. There are two ways in which this can be done: we can 

consider state 𝑌1 first and then 𝑋1, or we can consider state 𝑋1 first and then 𝑌1. In the first case 

as shown in Figure 6(a), the superposition state is projected to the basis vector 𝑌1 and then the 

basis vector 𝑋1 as shown by the black arrow in the figure. The amplitude of this sequence is 

shown as the green bar. In the second case as shown in Figure 6(b), the superposition state is 

projected onto the basis vector 𝑋1 and then the basis vector 𝑌1, as shown by the black arrow in 

the figure. The amplitude of this sequence is also shown as the green bar. The amplitude of the 

sequence 𝑋1 then 𝑌1 is much less than the amplitude of the sequence 𝑌1 then 𝑋1, meaning that the 

probability (square of the amplitude) is also much less. This illustrates order effects in quantum 

probability modeling.  

3.5 Probability Calculations 

In classic probability, probabilities are assigned to each state 𝑋𝑖 ⊆ Ω using the function 𝑝: Ω →
[0 1]. Axioms of classic probability theory include the following: 

 If 𝑝(𝑋) is the probability of the state 𝑋 ∈ Ω and 𝑋1 ∩ 𝑋2 = ∅, then 𝑝(𝑋1 ∪ 𝑋2) =
𝑝(𝑋1) + 𝑝(𝑋2).  

 𝑝(𝑋1 ∩ 𝑋2) = 𝑝(𝑋1)𝑝(𝑋2|𝑋1) = 𝑝(𝑋2)𝑝(𝑋1|𝑋2) = 𝑝(𝑋2 ∩ 𝑋1) 

o The intersection state 𝑋1 ∩ 𝑋2 = 𝑋2 ∩ 𝑋1 is always defined (the order of states 

does not matter).  

 𝑝(𝑋1|𝑋2) =
𝑝(𝑋1∩𝑋2)

𝑝(𝑋2)
 (conditional probability)  

 𝑝(𝑋) = ∑ 𝑝(𝑋|𝑌𝑛)𝑝(𝑌𝑛)𝑛  (law of total probability) 

In quantum probability, probabilities are assigned by projecting the superposition state onto the 

bases representing the state(s) of interest to obtain the amplitude and then squaring the 

amplitude. In quantum probability theory notation the superposition state vector is given by: 

|𝜓〉 = ∑ 𝛼𝑖|𝑋𝑖〉
𝑛
𝑖=1 , where the 𝑋𝑖 are states, the 𝛼𝑖 are the amplitudes, the probability of 𝑋𝑖 is 

‖𝛼𝑖‖
2, and 𝜓 ∈ 𝑉. The |𝑋𝑖⟩ are the basis vectors. Alternatively, the probability of 𝑋𝑖 is 𝑃(𝑋𝑖) =

‖𝑃𝑋𝑖
|𝜓⟩‖

2
, where 𝑃𝑋𝑖

 is an 𝑛 × 𝑛 diagonal matrix with a 1 in cell [𝑖, 𝑖] and 0s elsewhere. 

Corresponding axioms for quantum probability theory include the following: 

 𝑝(𝑋1 ∩ 𝑋2) = ‖𝑃𝑋2
𝑃𝑋1

|𝜓⟩‖
2
 and 𝑝(𝑋2 ∩ 𝑋1) = ‖𝑃𝑋1

𝑃𝑋2
|𝜓⟩‖

2
 

o The intersection state 𝑝(𝑋1 ∩ 𝑋2) = 𝑝(𝑋2 ∩ 𝑋1) only exists (there are no order 

effects) if 𝑃𝑋1
𝑃𝑋2

= 𝑃𝑋2
𝑃𝑋1

 (the projectors commute) [21, p. 53] [22, p. 247] 

o Commutativity is a point where classic and quantum probability theories diverge, 

as shown in Figure 7. 

 𝑝(𝑋1|𝑋2) =
‖𝑃𝑋1𝑃𝑋2𝜓‖

2

‖𝑃𝑋2𝜓‖
2  (conditional probability; note that the order effects are important 

here) 

 𝑝(𝑋) = ∑ 𝑝(𝑋|𝑌𝑛)𝑝(𝑌𝑛) + 𝐼𝑛𝑡𝑋,𝑌𝑛𝑛 , where 𝐼𝑛𝑡𝑋,𝑌𝑛
 is an interference term described 

below. 
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Figure 7 – Commutativity Comparison 

3.6 Interference 

Figure 8 shows an example classic probability model using the classic conjunction axiom in 

which 𝑝(𝑋1 ∩ 𝑋2) = 𝑝(𝑋1) ⋅ 𝑝(𝑋2). An application of this model might be a situation in which a 

decision maker is assessing the situation as a sunk cost. The factors that can influence a sunk cost 

assessment includes things such as: amount of resources expended in a battlefield (𝑋1), the 

number and severity of losses towards a goal in a battlefield (𝑋2), etc. The assessment might be 

expected to result in a course of action that is more aggressive or risky than a normative course 

of action in order to recover the perceived sunk costs. An example calculation is shown in the 

figure with notional probability estimates. A relevant question might be: “What if the 

combination of the amount of resources expended in a battlefield, and the number and severity of 

losses towards a goal in a battlefield makes the likelihood of a sunk cost much higher than a 

classic model would forecast?” In other words, the combination of the factors has a mutually 

amplifying effect. In this case, an interference effect is present, necessitating the need for a 

quantum probability model. 

 

Figure 8 – Example Classic Conjunction Probability Calculation  

To incorporate interference between the factors, we include a phase associated with each factor. 

Mathematically, the factors are wave functions and the interference is represented as differences 

in phase (𝜃) between factors. The phase is a function of the factors, current situation, attitudes of 

the decision maker, and other contextual elements. The (qualitative) phase values or differences 

in phase can be specified (as determined by SMEs) to model specific tendencies, or can be 

estimated from data.  

Figure 9 shows the same example in which phases are added to factors 𝑋1 and 𝑋2. These phases 

interfere with one another in constructive or destructive ways to capture the interference effects. 

The calculation is shown in the figure with an additional interference term that is a function of 

the phases and is proportional to the cosine of the angle between the vectors representing the 

factors (for more details, see [23]). The interpretation is that as a decision maker assesses a 

situation, the factors interfere with one another to raise or lower the overall assessment. 
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Figure 9 – Example Quantum Conjunction (Interfering) Calculation 

Figure 10 shows the results of a simulation for a specific range of phase values for 𝑋1 and 𝑋2 that 

can be used to model a sunk cost assessment. For reference, the classic conjunction calculation is 

shown. As shown, for a specific set of phases, the assessment becomes much greater than the 

classic calculation when including interference effects. 

 

Figure 10 – Example Interference Calculation 

3.7 Quantum Model for Belief – Action Entanglement  

Our model of how decision makers act is based on theories of how a decision maker forms 

beliefs about a state of the world and makes decisions about which actions to take in the context 

of those beliefs [24]. We call this the Belief-Action-Entanglement Model (BAEM). In the 

BAEM, beliefs (situation assessment) interact with action options (selecting the right action for 

the situation) to make forecasts about what to do. In a “rational actor”, the actions are 

consistent with beliefs; violation of this is called cognitive dissonance (which the BAEM also 

supports). In military applications, this model can apply when the decision maker (own force or 

enemy force) must make an assessment prior to making a decision to act, as in the OODA loop 

context. For example, the decision maker is deciding whether or not to perform a given action, 

following a situation assessment. 

We would like a model in which beliefs (situation assessment) interact with action options 

(selecting the right action for the situation) in a way that amplifies the “correct decision” (actions 

are consistent with beliefs) and attenuates the “incorrect decision” (actions are inconsistent with 

beliefs). In this model, the assessment basis (denoted as the +/- basis) interferes with the action 

basis (denoted as the ↑/↓ basis). In quantum modeling terms, the assessment basis is entangled 

with the action basis such that 𝑃(+/− ∩↑/↓) ≠ 𝑃(+/−) ⋅ 𝑃(↑/↓). The deviation from the 

classic axiom is the interference effect. Representing this sort of interference is difficult to do 

using classical models. 
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In the context of modeling cognitive biases, the +/- basis represents an assessment relative to a 

bias (for example, a decision maker’s assessment that they are in a sunk cost situation) and the ↑
/↓ basis represents an action in the current situation (for example, an action to recover sunk 

costs). In this model, the bases are defined as 

 +/- basis represents an assessment relative to a specific bias  

o 𝛼+ is the amplitude of an assessment consistent with a bias (the probability is 

‖𝛼+‖2) 

o 𝛼− is the amplitude of an assessment inconsistent with a bias (the probability is 

‖𝛼−‖2) 

o The basis vectors are orthogonal so that ‖𝛼+‖2 + ‖𝛼−‖2 = 1 

 ↑/↓ basis represents the decision to execute an action 

o 𝛼↑ is the amplitude of the decision to execute an action (the probability is ‖𝛼↑‖2) 

o 𝛼↓ is the amplitude of the decision to not execute an action (the probability is 

‖𝛼↓‖2) 

o The basis vectors are orthogonal so that ‖𝛼↑‖2 + ‖𝛼↓‖2 = 1 

At each moment in time, the cognitive state of the decision maker is a superposition of four basis 

vectors: +↑, +↓, -↑, -↓ (the person is uncertain about his or her state and cannot say he or she is 

precisely in any single basis state). The superposition state is given by |𝜓⟩ = 𝛼+↑|+↑⟩ +

𝛼+↓|+↓⟩ + 𝛼−↑|−↑⟩ + 𝛼−↓|−↓⟩  

 ‖𝛼+↑‖2 is the probability of a positive assessment and action  
 ‖𝛼+↓‖2 is the probability of positive assessment and inaction 

 ‖𝛼−↑‖2 is the probability of a negative assessment and action 

 ‖𝛼−↓‖2 is the probability of a negative assessment and inaction 

We desire a model in which 

 The states +↑ and -↓ are entangled (amplified relative to a classic forecast). The states +↓ 

and -↑ are entangled (attenuated relative to a classic forecast). The degree of 

entanglement is represented by an entanglement parameter in the model, denoted by 𝛾. 

 There is a reward for acting when the assessment indicates that the action should be 

taken. The level of reward is represented by a reward parameter, denoted by 𝜇+↑ in the 

model. 

 There is a penalty for acting when the assessment indicates no action should be taken. 

The level of penalty is represented by a penalty parameter, denoted by 𝜇−↑ in the model. 

By selecting parameter values, it is possible to model specific cognitive biases or tendencies. The 

model has an additional parameter 𝜃 that can be used to model dynamics (ambiguity or 

randomness) in the decision making process. In quantum probability, the dynamics are modeled 

by what are called unitary transformations. The unitary matrix represents state transitions. A 

unitary matrix is constructed from the matrix exponential 𝑈 = 𝑒−𝑖𝜃𝐻, where 𝐻 is a Hermitian 

matrix (𝐻† = 𝐻), and 𝜃 is used to model ambiguity or randomness. If 𝜔 is an initial state, the 

next state is 𝛼 = 𝑈𝜔. 

The BAEM defines two Hermitian matrices. The first one (𝐻1) is a matrix that models the 

rewards and penalties for acting when the assessment indicates action should be taken (or not). 
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The unitary matrix for this is 𝑈 = 𝑒−𝑖𝜃𝐻1 . The second one (𝐻2) is an entanglement matrix that 

models the consistency (or inconsistency) for acting in accordance with the assessment. The 

unitary matrix for this is 𝑈 = 𝑒
−𝑖𝜃𝛾

1

√2
𝐻2. The combined unitary matrix for modeling probability 

of assessment and action (relative to some bias) is 

 𝑈 = 𝑟𝑒𝑤𝑎𝑟𝑑/𝑝𝑒𝑛𝑎𝑙𝑡𝑦 ⋅ 𝑒𝑛𝑡𝑎𝑛𝑔𝑙𝑒𝑚𝑒𝑛𝑡 = 𝑒−𝑖𝜃𝐻1𝑒
−𝑖𝜃𝛾

1

√2
𝐻2 = 𝑒

−𝑖𝜃(𝐻1+𝛾
1

√2
𝐻2)

  

 

Figure 11 – BAEM Hermitian Matrices 

Figure 11 shows these Hermitian matrices. Figure 11(a) shows the 4 × 4 Hermitian matrix for 

modeling rewards and penalties (𝜇+↑ and 𝜇−↑). The 𝜂−↑ and 𝜂+↑ are normalization factors for 

preserving Hermitian properties. The upper left quadrant is the utility for acting (or not) when the 

assessment indicates that no action should be taken. The lower right quadrant is the utility for 

acting (or not) when the assessment indicates that action should be taken. Figure 11(b) shows the 

4 × 4 Hermitian matrix for modeling entanglement (consistency of inconsistency) that amplifies 

states −↓ and +↑ and attenuates states −↑ and +↓.  

 

Figure 12 – Hermitian Calculations 
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Figure 12 shows how these Hermitian matrices can be used in state transformation (this is not an 

example of full state dynamics, which is discussed below). The “next state” (superscript 𝑡 + 1 in 

the figure) is computed using matrix multiplication. 

Figure 13 shows the “next state” matrix multiplication calculation for the Hermitian matrix for 

rewards and penalties. The black arrow represent terms that have entries in the matrix whose 

value is 0. An explanation of each result is given below 

 𝛼−↑
𝑡+1 – The matrix calculation reduces the amplitude of the undesirable state −↑ by the 

utility parameter 𝜇−↑ (penalty for acting when the assessment indicates no action should 

be taken). This is the first term in the calculation result (𝛼−↑𝜇−↑). The second term is a 

factor to ensure the properties of a Hermitian matrix are preserved as described above. 

 𝛼−↓
𝑡+1 – The matrix calculation increases the amplitude of the desirable state −↓ by the 

utility parameter 𝜇−↑ (negative penalty for acting when the assessment indicates no 

action should be taken). This is the second term in the calculation result (−𝛼−↓𝜇−↑). The 

first term is a factor to ensure the properties of a Hermitian matrix are preserved as 

described above. 

 𝛼+↑
𝑡+1 – The matrix calculation increases the amplitude of the desirable state +↑ by the 

utility parameter 𝜇+↑ (reward for acting when the assessment indicates action should be 

taken). This is the first term in the calculation result (𝛼+↑𝜇+↑). The second term is a 

factor to ensure the properties of a Hermitian matrix are preserved as described above. 

 𝛼+↓
𝑡+1 – The matrix calculation reduces the amplitude of the undesirable state +↓ by the 

utility parameter 𝜇+↑ (negative reward for acting when the assessment indicates action 

should be taken). This is the second term in the calculation result (𝛼+↓𝜇+↑). The first 

term is a factor to ensure the properties of a Hermitian matrix are preserved as described 

above 

 
Figure 13 – Hermitian Utility Calculations 

Figure 14 shows the “next state” matrix multiplication for the Hermitian matrix for 

entanglement. The black arrow represent terms that have entries in the matrix whose value is 0. 

An explanation of each result is given below 

 𝛼−↑
𝑡+1 – The matrix calculation attenuates the amplitude of the inconsistent state −↑ by an 

amount that is proportional to the difference in the amplitudes of the action states (−↑ 

and +↑). This is negative interference when the amplitude of the state −↑ is greater than 
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the amplitude of the state +↑ (and positive otherwise). The proportionality factor is the 

consistency parameter 
𝛾

√2
 . 

 𝛼−↓
𝑡+1 – The matrix calculation amplifies the amplitude of the consistent state −↓ by an 

amount that is proportional to the sum in the amplitudes of the inaction states (−↓ and 

+↓). This is positive interference. The proportionality factor is the consistency parameter 
𝛾

√2
 .  

 𝛼+↑
𝑡+1 – The matrix calculation amplifies the amplitude of the consistent state +↑ by an 

amount that is proportional to the sum in the amplitudes of the action states (−↑ and +↑). 

This is positive interference. The proportionality factor is the consistency parameter 
𝛾

√2
 . 

 𝛼+↓
𝑡+1 – The matrix calculation attenuates the amplitude of the inconsistent state +↓ by an 

amount that is proportional to the difference in the amplitudes of the inaction states (−↓ 

and +↓). This is negative interference when the amplitude of the state +↓ is greater than 

the amplitude of the state −↓ (and positive otherwise). The proportionality factor is the 

consistency parameter 
𝛾

√2
 . 

 

Figure 14 – Hermitian Consistency Calculations 

4.0 Results 
Figure 15 shows state dynamic plots (𝛼 = 𝑈𝜔) for the unitary matrices 𝑈 = 𝑒−𝑖𝜃𝐻1  (reward and 

penalties) and 𝑈 = 𝑒
−𝑖𝜃𝛾

1

√2
𝐻2 (entanglement) using a Monte Carlo simulation where 𝜃 is a 

randomization parameter sampled from a uniform distribution between 0 and 12, and n=13. 

Figure 15(a) and Figure 15(b) show the results of the simulation for the reward/penalty 

Hermitian. Figure 15(a) shows the simulation results for the undesirable states −↑ and +↓ in 

which there is a clear attenuation of these states. Figure 15(b) shows the simulation results for 

the desirable states −↓ and +↑ in which there is a clear amplification of these states. Figure 15(c) 

and Figure 15(d) show the results of the simulation for the entanglement Hermitian. Figure 15(c) 

shows the simulation results for the inconsistent states −↑ and +↓ in which there is a clear 

attenuation of these states. Figure 15(d) shows the simulation results for the consistent states −↓ 

and +↑ in which there is a clear amplification of these states. 
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Figure 15 – Monte Carlo Simulation for Reward/Penalty and Entanglement  

 

Figure 16 – Monte Carlo Simulation for Different Levels of Entanglement and 

Reward/Penalty  
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Figure 16 shows the results of a Monte Carlo simulation for different levels of the entanglement 

parameter and the reward/penalty parameters. Figure 16(a) shows simulation results for two 

levels of the entanglement parameter. The blue line is the simulation results for a high value for 

entanglement. The purple line is the simulation results for a negative value for entanglement. As 

the model predicts, the high entanglement parameter value amplifies the likelihood of assessment 

and action (relative to some bias), while the negative entanglement parameter value attenuates 

the likelihood of assessment and action (relative to some bias). The sold purple line is the classic 

forecast.  

Figure 16(b) shows simulation results for two levels of the reward/penalty parameter. The blue 

line is the simulation results for a high reward parameter. The purple line is the simulation results 

for a high penalty parameter. As the model predicts, the likelihood for action and assessment 

(relative to some bias) is much higher when there is a high reward parameter.  

Finally, Figure 17 shows a Monte Carlo simulation for the ECOA assessment example shown at 

the beginning of this paper using the complete unitary transformation with the entanglement and 

reward/penalty Hermitians. The biases (self serving, contrarian and sunk cost) are modeled by 

selecting specific parameters for the BAEM (entanglement, reward, and penalty). This 

simulation captures the ambiguity in the decision making process represented as a superposition 

state over all possible decisions: Best Case (light blue), Expected Case (orange) and Worst Case 

(dark blue). At any given point, the decision maker has some likelihood for selecting each of the 

three ECOAs. The figure shows which ECOA is most likely for three different randomly 

sampled decision points. We ran the simulation 1000 times by randomly selecting a 𝜃 value and 

computing the likelihoods according to the models presented in the previous section. The 

simulation results for the likelihood percentages for each ECOA are as shown earlier in this 

paper. 

 

Figure 17 –Monte Carlo Simulation for ECOA Analysis 

Figure 18 shows the final implementation in which the situation assessment is modeled using 

interference models for assessment (section 3.6) and the action is modeled using the BAEM 

(section 3.7). 
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Figure 18 – Decision Maker Implementation 

5.0 Conclusion 
This paper has argued that new methods are needed to more accurately model and forecast the 

enigmatic decision making of human agents, typically exhibited as cognitive biases. Human 

decision making often deviates from forecasts made using classic models and methods such as 

classic probability theory, game theory, rational utility theory, etc. We presented an overview of 

quantum probability theory and its application to build models that mimic enigmatic human 

decision making. Our model consists of two parts: a model of situation assessment that 

incorporates interference effects to amplify or attenuate decisions that depend on multiple 

factors, and a model of how situation assessment interacts with action options in a way that 

amplifies the “correct decision” (actions are consistent with assessments) and attenuates the 

“incorrect decision” (actions are inconsistent with assessments). This model contains three 

parameters that can be adjusted to model specific deviations from normative decision making, as 

exhibited by cognitive biases. We illustrated the use of the model for an enemy course of action 

assessment problem to show how this approach can help to answer “what if” questions to better 

predict outcomes or to understand the reasons why decision makers might act in the way that 

they do. 
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