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Abstract

Representing a knowledge graph by embedding it in a high-dimensional vector space where
similar concepts are represented by similar vectors gives several advantages over traditional
knowledge bases. It allows for generalization of vocabulary, where facts entered about one
term can be extended to synonymous terms. It makes possible analogical reasoning and zero-
shot learning. This research explores how such vector-based reasoning can be extended to be
directly useful in the same way as a knowledge base. In order to assign vectors to terms, a dis-
tributional semantics approach is combined with information from a knowledge base. A neural
network learns to assign properties to terms. Sets are represented by weighted sums of term
vectors, which can be decomposed back into the original vectors using sparse decomposition
techniques, allowing the system to find intersections, unions, and negations. Finding chains of
deductive reasoning is accomplished through decomposition of a vector representing the head
and tail of the chain. This paper also characterizes how the dimensionality and construction
method of the vectors affects the accuracy and performance of the knowledge base.

1 Introduction
Traditional knowledge bases are brittle: “Querying a knowledge base requires users to state their
questions in precise and complete formal representations that relate the facts in the question with
relevant terms and relations in the underlying knowledge base. This requirement places a heavy
burden on the users to become deeply familiar with the contents of the knowledge base and prevents
novice users to effectively using the knowledge base for problem solving. As a result, the utility
of knowledge base systems is often restricted to the developers themselves.” [Cha09] The problem
is made worse when the knowledge base is created by multiple developers. Because they may not
share an ontology or set of names for constants, a chain of reasoning may be unable to go through,
even though all the relevant information is stored in the knowledge base in one form or another.

Knowledge bases are also generally restricted to deductive reasoning. Analogical reasoning is
treated as a special separate operation when it is performed at all. Abductive reasoning is also
generally not included. By contrast, human reasoning is flexible, and is still able to come up with
potential answers by combining sources of information, even when new concepts are not exact
matches to ideas that have already been learned.

This paper describes our effort to create a knowledge base, capable of deductive reasoning,
that is continuous rather than discrete. When a true answer cannot be found by following a strict
chain of reasoning, it finds an approximate chain that may contain one or more gaps. By giving
up the ability to guarantee correctness, it gains in flexibility and ability to generalize to unforeseen
situations.

2 Vector Representations of Concepts
For a representation of meaning to be embedded in a continuous manifold, concepts with similar
meaning must be mapped to nearby locations. This simple requirement leads to a great deal of
structure.

Consider the following analogy:

bear : hiker :: shark : X (1)

Bear and hiker both share a certain context (both are found in the forest, for example). Bear and
shark share another context (both are predators). The vector for bear, then, can be decomposed
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into two vectors: bear ≈ forest + predator. Hiker, similarly, can be decomposed into hiker ≈
forest + tourist, and shark into shark ≈ ocean + predator. The fourth term X must share the
non-forest aspect of hiker, and the non-predator component of shark, so tourist + ocean ≈ X.
A term like snorkeler would share both of those contexts, so might be the nearest related term
to X. This helps to make clear why the arithmetic works out, but decomposing the terms into
meaningful components like ocean or predator isn’t necessary to solve the analogy. We can simply
calculate hiker + shark − bear ≈ snorkeler, because whatever bear has in common with hiker
and shark respectively cancels out, leaving only the components of snorkeler:

(forest+ tourist) + (ocean+ predator)− (forest+ predator) = (ocean+ tourist) (2)

Another consequence of this fact is that pairs of concepts displaced from each other by similar
vectors will typically be related by the same predicate. We call these predicate vectors. In the case
above, we might represent the predicate relating the pairs of terms by the word threatens: (bear
threatens hiker) and (shark threatens snorkeler). Since hiker + shark − bear ≈ snorkeler, it
is also the case that hiker− bear ≈ snorkeler− shark. In other words, the predicate vector from
hiker to bear is approximately equal to the predicate vector from snorkeler to shark.

We should also expect that this will be more exactly true of more similar terms. Although
the analogy above is valid, the predicate vectors in an analogy such as bear : hiker :: rabid_dog :
jogger would be even more similar, since dogs are more similar to bears than sharks (claws, fur,
growling, etc...) and hikers are more similar to joggers than snorkelers. At the closest, we wouldn’t
even call it an analogy at all, but consider both situations to be instances of the same kind, and
the predicate vectors of the pairs should be nearly identical. Because analogies between vectors
closer together tend to have more similar predicate vectors, we can expect the manifold formed by
the predicate vectors to be locally smooth and continuous.

Such vectors can come from a few sources. One source is the weights of a neural network that
is trained in some way on the meanings of the terms. For example, the network might be trained
on queries and answers from a knowledge base, as in [BUGD+13b]. Another source is what are
known as distributional semantic vectors. Such vectors take as a starting point that words which
occur in similar contexts will have similar meanings. By assigning similar vectors to words or
word senses which have similar neighboring words in the documents they appear in, the process
automatically encodes a great deal of information about meaning in the structure of the vectors
themselves. With additional information, a better set of distributional vectors can be created that
takes into account the nature of the relationship between neighboring words. We have explored
ways of creating such vectors in [SSL17] and [LSS17].

3 Knowledge Graph Embedding
A knowledge graph is a directed graph, where each vertex is a single concept, and a directed edge
represents a relation between two concepts [Sin12]. The concepts already are represented by vectors
in the space, so it makes sense to represent the relation between two concepts as the vector from
one concept to the other (so a relation between concept A and concept B would be represented
by B − A). Because of the properties discussed in the previous section, this means that similar
relations will be represented by similar vectors.

Section 4 lays out a form of propositional reasoning that can dependably perform inference
over a set of facts, as any reasoning engine can. However, because the propositions are embedded
in a vector space in an appropriate way, it can still reason in situations where it doesn’t have all
the facts. The answers it comes up with in these cases will be uncertain, but humans perform
remarkably well in a complex environment without certainty most of the time, making it plausible,
at least, that representations that allow such approximate reasoning are worth exploring.

Section 5 extends this representation beyond propositional logic to deal with predicate logic.
The next few sections explain how abduction and analogy are naturally incorporated into the
chains of reasoning the system generates. This is followed by a few experiments looking at how
well this scales to large datasets and long chains.
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Figure 1: A tree showing implication between the propositions. The propositions that are proved
true by this tree are all the nodes that participate in the tree.

4 Propositional Deductive Reasoning with Vectors
Let each proposition literal be represented by a unique n-dimensional vector A which is not a
linear combination of fewer than n of the other proposition vectors.1 Implication A → B is
represented by −A+B. A conjunction of literals implying a literal A∧B ∧ ...→ C is represented
by −(A+B + ...) + C.

We create a list of r such vectors representing all known true propositions and predicates
between propositions in the model, and use these vectors to create the r×n knowledge matrix. With
such a representation, it is possible to test whether any proposition P is true and find the relevant
chain of reasoning by sparse decomposition of P into vectors from this matrix. Decomposition will
pick out a few statements and literals to give positive weight to, and these will be the statements
that participate in the proof of P . Our goal is to find a (weighted) sum of a few vectors from
among a large set of possible choices. One tool to do this is known as Lasso (for Least Absolute
Shrinkage and Selection Operator). Lasso was introduced in 1996 [Tib96] as an improvement on
using the Moore Penrose pseudo-inverse to solve such problems by guaranteeing sparsity. Lasso is
a method for constraining the solution x to the problem y = Ax+ r where y and A are known and
r is error which we would like to minimize. By making use of the L1 norm, Lasso sets many of the
elements of x to 0, which is known as a sparse solution. As a parameter in Lasso one can decide
the maximum number of terms to be given non-zero weight, and the sums can be restricted to be
positive.

Consider what happens when the knowledge matrix contains (among others) vectors represent-
ing the following statements and literals:

A
A→ B
D
B ∧D → E
E → P
F
F → G
...
The vector ~p is equal to the sum of the vectors ~a, ~d, −~a+~b, −~b− ~d+ ~p, and −~e+ ~p:

~a+ (−~a+~b) + ~d+ (−~b− ~d+ ~e) + (−~e+ ~p) = ~p

The vectors ~f , (−~f+~g), and all other vectors in the knowledge matrix are not used in this equation
and receive zero weight. This explains why the decomposition is sparse: most of the knowledge
will not be used to explain the truth of a particular proposition, so most of the vectors will receive
zero weight in the sum. Any vectors that receive a weight are part of the proof tree, although

1 These proposition vectors can be created in a variety of ways, such as skip-prop vectors ([RDVD17]) or by
combining vectors representing concepts and predicates in a Vector Symbolic Architecture ([Gay04]). Deductive
reasoning does not put any particular constraint on the vectors used for representing propositions: a random vector
would work fine for this. However, the other forms of reasoning discussed in this paper require that vectors which
are nearby in vector space have similar meanings.

3



they are unordered, so recovering their arrangement into a tree needs to be performed by another
algorithm.

The same tree can be found with less computational effort and less chance of mistakes by
forward or backward chaining, as is usually done. The advantages of this kind of search are mainly
in situations where some of the links in the tree are missing, as will be discussed later in the paper.

5 Predicate Deductive Reasoning with Vectors
Propositional reasoning follows chains of reasoning from proposition to proposition. Individual
propositions, however, have structure as well. A simple kind of proposition links two constants,
known as the source and target, by a relation known as a predicate. If a proposition is a sentence
which can be either true or false, then the source, predicate, and target correspond roughly to the
subject, predicate, and object of the sentence respectively. The structure of multiple constants
linked by their various predicates is called a knowledge graph.

Propositional logic is unable to make the valid deduction from the two sentences “Aristotle is
a man” and “men are mortal” that “Aristotle is mortal” because it treats the sentences as a whole.
The deduction here requires the target of the first proposition to be recognized as the same as the
source of the second proposition. In order to make the deduction, we also need the rule that “if A
is a B and B is C, then A is C.” This rule is known as a Horn clause, and such clauses allows us
to replace a chain connecting A to C with a direct named predicate linking A to C. In general, to
prove a particular predicate from A to C, only certain predicates along the chain will constitute
a valid proof.2 Knowing which predicates together constitute a valid proof of another proposition
requires either creation of the Horn clauses by hand, or induction from a large knowledge base
(which will have false positives when a chain holds in all known examples, but is not actually a
logical necessity, a risk whenever induction is performed.)

In the method described in this paper, the Horn rules which imply a particular kind of relation
limit what types of predicate links are searched. Potential chains connecting the source to the
target built from these predicate links are found, and then tested to see whether they form a
valid argument for a particular relation between the two according to the relevant Horn rules.
For example, if we are trying to answer the query (Claudius is_the_uncle_of X), the system
looks at the Horn rules that imply is_the_uncle_of and see that it needs links of the form
is_the_father_of and is_the_brother_of . If there were links to Claudius’s father, or his
father’s brother, or his father’s father, etc... these could also be found by the algorithm and need
to be filtered out as a final step. More details about this are explained in section 8.

In a knowledge graph connecting A to C, finding such chains is relatively straightforward. There
are various search algorithms (breadth-first, depth-first, single or bidirectional) to find paths in a
directed graph between two vertices. However, if there is no path from A to C along the edges of
the graph, such algorithms will not return any result.

Sparse vector decomposition, on the other hand, can find paths which leave the graph, if no
path on the graph can be found. Normally with Lasso a single optimal path is found, but because
we want to be able to select from among several possible paths, our system uses the elastic-net
variant of Lasso (introduced [ZH05]) to find several possible paths from A to C.

6 Abductive Reasoning with Vectors
Suppose, however, that there is no chain of reasoning in the knowledge graph linking A to C. In
a traditional knowledge base, this would be the end of the story: no results would be returned.
Sparse vector decomposition, on the other hand, will return the closest possible chain of reasoning
when no exact match can be found.

2Any multi-step path through a knowledge graph is a proof of some proposition, though that proposition may
be awkward to state. For example, if we have the propositions "birds like seeds" and "seeds grow on plants" we can
represent the concepts birds, seeds, and plants as vectors, and the path birds -> like -> seeds -> grow on -> plants
could be written as the proposition “seeds grow on plants and birds like them." This proposition is implied by the
previous two. In some cases, the proposition proved will be expressible as a single predicate between the source and
target of the chain: “Claudius is the brother of King Hamlet, who is the father of Prince Hamlet" can be expressed
by “Claudius is the uncle of Prince Hamlet." These are the cases which are valid proofs of that predicate existing
between the source and the target.
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An incomplete chain of reasoning will have at least one gap in it, either at the beginning (proving
the correct proposition, but starting from a premise which is not given) at the end (proving a true
conclusion which was not the conclusion to be proved) or somewhere in the middle. In each of the
three cases, the gap can be closed by hypothesizing an additional fact to fill in the gap.

It is at this point that an embedding that maps similar terms to similar vectors becomes useful.
Because the gap is as minimized by the sparse vector decomposition, the terms on either end of
the gap will be as closely semantically related as possible. The size of the gaps will give some
indication of the likelihood that the link being abduced is a valid one.

7 Analogical query answering with vectors
This suggests the following method for answering a query of the form (e1 predicate x) when we
have many example triples that have the same predicate as our query. We can select from among
these some set of n triples (h1..n predicate t1..n) each of whose sources h is near e1, and do our
best to approximate e1 by a weighted sum of h1..n: e1 ≈

∑n
m=1 wmhm. This sum can be found

by using Lasso or other sparse vector decomposition techniques. Since the space is locally smooth,
the weighted average of the targets of these triples, using the same weights, should give a good
estimate to the location of x:

x ≈
n∑

m=1

wmtm (3)

We also know that x is related to e1 in some way, so it should also be nearby e1 in the semantic
vector space. Therefore, we can give a better estimate:

x ≈ p
n∑

m=1

wmtm + (1− p)e1 (4)

for some experimentally determined p. 3

This approach will be particularly useful for a predicate like (work written_by person). In
general, the predicate written_by will map written works to the names of individuals. However,
written works include at least two clusters: novels and movie scripts. Provided a few examples of
each, our locally-linear-mapping method will find neighbors from among movies for a particular
movie script and from among novels for a particular novel. In this way it is able to represent
whatever internal structure a particular predicate relation may have.

8 Combined reasoning with vectors for query answering
We now have a method of locating a region in the vector space where we expect the answer to
be found, and a method of finding chains connecting these potential answers back to the source
entity:

3The case of (x predicate e1) can be handled in the same way, only subtracting the predicate vectors instead of
adding them.
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1. The system is given a query of the form (e1 r X), and its goal is to choose
an X for which the query is true, and which can be proved or at least
partially justified.

2. It begins with concepts already mapped into a vector space, and a knowl-
edge matrix of predicates between those concepts.

3. It estimates the location of X by the method described in section 7 (form-
ing multiple analogies with nearby examples and taking a weighted aver-
age of the analogical estimates, and restricting the answer to lie near the
source vector).

4. It restricts the search to those predicates in the knowledge matrix which
are known from the Horn rules to possibly participate in a proof of (e1 r
e2), as discussed in section 5.

5. It finds links in the best paths from the source to the estimate of the
target by performing sparse vector decomposition on the vector from the
source to the target in the restricted knowledge matrix, as discussed in
section 4.

6. It organizes these links into paths, and selects those that satisfy the Horn
rule constraints.

9 Ontology Merging
One of the major benefits of using an embedded deduction mechanism is that it simplifies the
process of merging ontologies. If we are able to map both ontologies into the semantic vector space,
then even if the same concept isn’t mapped to the exact same term, it will be mapped to a nearby
term which may be good enough for the chain of reasoning to be found. For example, suppose one
ontology contained the statement (bears, eat, grubs) and another contained the statement (insects,
live in, dead trees). Neither ontology defines the relation of grubs to insects, but the system would
be able to make the connection between bears and dead trees (answering the question “Why is the
bear digging in a dead tree?" for example) because of the semantic similarity of grub to insect.

Such a method would be especially useful when the ontology has not been hand built. Informa-
tion extraction methods that extract triples from natural language sources, such as ReVerb, might
be used to add facts to the knowledge base, without worrying too much about whether the entities
to which triples refer are expressed in the same way.

10 Defining new vectors
There will be cases where the entity we wish to represent in the knowledge matrix will not be
one of the terms in the semantic vector space. When this happens, it is still possible to assign
an appropriate vector that can participate in analogical and abductive reasoning by the following
method.

We start by defining the entity by a set of triples relating the new term to constants which exist
in the semantic vector space by predicates we have examples of in the knowledge base. We then get
an estimate for the location of the new term from each of these triples using the query-answering
method outlined above and treating the new term as the X to be found. The average of all these
estimates will be located in the intersection of a hypersphere surrounding each estimate. If these
hyperspheres are considered as circles in a Venn diagram indicating "targets for which a certain
proposition is more likely to be true" then the average will be found in the intersection of all these
circles.
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11 Experiments
In order for the system to work well, both the estimate of the target location in the vector space
and the path from the source to the target must be correct. We performed separate experiments
on these two components to characterize their success rate.

To test the system as a whole, we will need to find a good source of Horn rules, and human
judgment will be needed to decide whether each justification that doesn’t constitute a full proof
will be considered essentially correct. Such an experiment is still in development.

11.1 Experiment 1
We extracted 668,733 triples from ConceptNet for which both the source and target were repre-
sented by a vector in word2vec. The individual source and target concepts h1..n, t1..n were thus
represented by the corresponding vector in word2vec, and each predicate (hm predicate tm) by the
vector tm−hm. There were 315 many-to-many predicates in this set, with some predicates having
many more examples than others.

From this set of triples we removed all 11,616 triples with a unique target and randomly selected
1000 of these unique triples to use as a test set. This ensured that the triples used for prediction
would be distinct from the triples used for testing.

For each of these 1000 test triples, we used Lasso to find a weighted sum of source vectors that
best approximated the source vector of the test triple. The parameter L determines the maximum
number of terms with a non-zero weight in Lasso. We tested four L values: 1 ,5, 10, and 15. The
other parameters for Lasso were held constant: λ = 0.2 and positive weights only.

The weights calculated for the sources were then used to create a weighted sum of target vectors
from the same triples. This weighted sum of target vectors was then added to the source vector to
create our estimate of the target vector of the test triple, and a weighted sum of this estimate and
the target vector were used for the final estimate, with an experimentally determined weight of
.67 on the source vector and a weight of .33 on the estimate. To measure accuracy, we calculated
the rank of the true target vector of the test triple among the nearest neighbors of the estimated
target vector. We tested with neighbors found from among two distributions: 1,000 terms randomly
selected from the 1,000,000 most common word2vec terms, and 1,000 neighbors randomly selected
from 30,000 terms near the source vector of the test triple. The second set of neighbors was chosen
because these terms can be expected to be related in some way to the source term. In each case
one vector was replaced with the true target vector of the test triple, so it can be considered as a
multiple choice test with 999 distractors.

For comparison, we also tested results on these two test sets using the source vector from the
test triple alone (source only) and on the source vector added to the mean of all examples of the
predicate vector.

Results

Random vectors (out of 1000):
L=1 L=5 L=10 L=15 source source+

mean
Hits@1 551 549 546 548 546 546
Hits@10 728 740 741 743 734 729

Related vectors (out of 1000):
L=1 L=5 L=10 L=15 source source+

mean
Hits@1 260 267 257 266 158 4
Hits@10 470 478 484 485 298 176

Analysis
Being near the source vector is a clearly a very important factor in determining the target

vector. Among vectors which are all somewhat related to the source vector, our model performs
better in comparison, achieving 267 correct answers as opposed to only 158 for the nearest to the
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source vector. In general, the number of neighbors included in the weighted average had little
effect.

Using a single mean vector to represent every instance of a predicate did very poorly by com-
parison, achieving only 4 direct hits and 176 times where the true answer was within the top ten
results. This suggests that taking a weighted average of multiple nearby examples of a predicate
might be able to improve methods such as TransE [BUGD+13a] which attempt to use only a single
vector to represent all cases of a predicate.

Note that being the top hit, or even among the top 10 hits, is not the only criteria for whether
an answer is chosen. It must also pass the test of having a path that leads back to the source
without large gaps, and to count as a full proof must also satisfy the Horn rules. This experiment
simply indicates that the system is looking in the right area of the vector space.

11.2 Experiment 2
Lasso is not always able to find the path linking the source to the target, even when only one exact
path exists. For this experiment we found paths of length from three to ten edges through the
knowledge graph. In each case these were the only path connecting the source to the target. Table
11.2 shows, for various lengths of paths, what percent of them were found by Lasso. In the other
cases, only part of the path matched the true path. Each experiment was performed a hundred
times on different inputs.

This experiment was performed on a knowledge matrix formed from all the relations in Concept-
net that relate terms from among the first 50,000 in word2vec. This amounts to 43,000 relations.

Accuracy of Lasso in finding paths
of various length in the knowledge matrix:

length of path 3 4 5 6 7 8 9 10
percent found 100 100 100 97 93 93 86 59

A full knowledge matrix could potentially be much larger than this and achieve the same
performance, since only the parts of the matrix that contain relevant predicates (as decided by the
Horn rules) would be used for answering any particular query, as opposed to this test which did
not remove any of the potential predicates.

12 Related Work
Representing knowledge as vectors has been explored by several relatively separate communities.
The biologically-inspired cognitive architecture community has developed a method known as Vec-
tor Symbolic Architectures (VSA) ([Gay04]). These are capable of representing triples in a way
that can be reasoned on, but to date most VSA models have been small proofs of concept. Be-
cause of the scrambling effect of the binding operators, they aren’t able to do a good job of finding
similarities between concepts derived from different definitions. [Kan88] pioneered using sparse
high-dimensional binary vectors to store knowledge in a noise-resistant way which was address-
able with exemplars. Others developed these ideas to have more biologically accuracy ([WP03],
[KMHH12], [Lev09]).

The linguistics community developed Latent Semantic Analysis to create document context
vectors([DFL+88]). The ability of such vectors to solve multiple choice analogy problems at hu-
man levels was demonstrated by [Tur05]. The quality of such vectors was greatly improved by
the development of the incrementally updating skip-gram method used in the well-known word
vector representation word2vec ([MSC+13]), which allowed much larger training corpora to be
used. Encoding the meaning of sentences by composing the meaning of the words in the sentence
([KZS+15], [GS11], [BZ10]) is very similar to encoding triples from a knowledge base, though these
authors were mainly using the vectors for finding similar meanings rather than reasoning.

TransE ([BUGD+13a]) and related models developed over the last few years are attempts to
build a semantic vector space based on a knowledge base rather than large text corpora. TransE
explictly tries to assign vectors in such a way that source+ predicate = target holds for all triples
in the knowledge base. There have been several refinements of the TransE model to deal with the
fact that representing every instance of a predicate by the same vector is really only appropriate
for 1-to-1 predicates.
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A few papers address multi-step deductive reasoning in semantic vector spaces, often small
spaces constructed for demonstrating a capability [LHY+15] [WC14] [RR16] [WOGM16]. [NRMC15]
for example, uses a RNN to compose steps of the path in multi-step reasoning paths. The idea of
adding vectors in a chain of reasoning was used in a vector-reasoning method developed for optical
devices in [CQV+06].

Our method, developed in (anonymized ) is unique in the way it incorporates both deductive
and analogical reasoning, and can be used with any semantic vector space, whether derived from
a text corpus, a knowledge graph, or both.

13 Conclusion
Performing deductive reasoning on a knowledge graph that has been embedded in a semantic vector
space seems like a promising way to include associational, analogical, and abductive reasoning into
the deductive reasoning process. It allows concepts in the knowledge base to be more than just a
symbolic label and include subsymbolic information relating every constant to every other constant.
From the VSA point of view, using sparse vector decompostion for deductive reasoning extends
the capability of VSAs in the direction of traditional knowledge bases.
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